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TAPPING INTO COMPUTATIONAL POWER

The Why

NuMERICcAL METHODS ' 2 3 4 are essential for solving mathematical
problems that cannot be addressed analytically. Numerical methods
are a subfield of mathematics in which we calculate our solutions not
analytically exactly, but approximately.

AND WE HAVE GOOD REASON to do so.

* Many problems cannot be solved analytically, or are too complex
to be practical.

* We can tap into computational power to get approximate solutions
efficiently.

IN MACHINE LEARNING AND ARTIFICIAL INTELLIGENCE, numerical
methods are crucial for training models, optimizing parameters, and
simulating complex systems where analytical solutions are infeasible.
They enable efficient handling of large datasets and complex algo-
rithms, ensuring that models can learn effectively from data while
managing computational resources. Especially in deep learning,
where models involve millions of parameters and require extensive
computations, numerical methods facilitate the optimization pro-
cesses that underpin model training, making them indispensable for
advancing models.

FURTHER READING
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APPROXIMATION comes from Latin
approximare, meaning "to come near to".

MoOORE’s LAw  states that computing
power doubles approximately every
two years. As of today consumer
GPUs have thousands of cores and

can perform trillions of floating point
operations per second.

GPT-2: 1.5B RELEASE
https://openai.com/index/
gpt-2-1-5b-release/


https://openai.com/index/gpt-2-1-5b-release/
https://openai.com/index/gpt-2-1-5b-release/
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Hands On Experience

Later in this course, you will learn the theoretical foundations of the
numerical methods that power modern Al and ML development.
For now let’s get a feeling why these technologies lean so heavily on
numerical methods.

THE LIMITS OF SCALING ANALYTICAL SOLUTIONS become apparent
when dealing with large-scale problems. Let’s consider a simple
example: Solving a system of two linear equations analytically with

=g

From the first equation:

2wi +wy =11

substitution.

wy =11 — 2w
Substitute into the second equation:
5wi +1(11 — 2w;) =13
Sw; +11 —2w; =13
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Verify 1st equation:

2 29 4 29 33
2<3)+<3>—3+3—3—“

Verify 2nd equation:

2 29 100 29 39

ANALYTICS includes methods like sub-
stitution, elimination, matrix inversion,
etc. you would learn in linear algebra.

COMPUTATIONAL COMPLEXITY in-
creases with the size of the system.
Now take a shot and solve this larger
system of three equations with three
unknowns:

2 1 3] [wr 14
1 4 2| |wy| =120 (2)
3 2 5] |ws 32
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HOWEVER, solvable for 2 equations, as the size of the system in-
creases (e.g., thousands of equations with thousands of unknowns),
analytical solutions become impractical due to computational com-
plexity and time constraints.

THE LIMITS OF ANALYTICAL SOLUTIONS then are also a general
issue in nonlinear equations:

1
o(x) = —.
(x) = g p= €)
Transcendental functions cannot be expressed as finite combina- Sicma o(x) is the sigmoid activation

tions of algebraic operations (addition, subtraction, multiplication, function commonly used in neural net-

o . works, and a transcendental function. A
division, and roots) and thus lack closed-form solutions. The ex- closed-form solution for (x) = 0 does
ponential term makes it impossible to isolate x using elementary not exist. o(x) approaches o asymptoti-

cally as x approaches negative infinity,
but never actually reaches o for any
finite value of x.

functions like polynomials, rationals, or trigonometric functions.

THE LEARNING OBJECTIVES of this chapter aim at providing you
with the abilities to:

¢ Explain when we deploy numerical methods and the problems
that come with solving problems analytically.

* Discretization by transforming continuous mathematical problems
into discrete, computer-solvable approximations.

¢ Apply basic numerical techniques to simple problems by hand,
and crunch larger problems on a computer.
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Discretization and Approximation

f(x) Figure 1: Continuous curve f(x) =
1+ sin(x) and its discretized version (black
dots) on [—3,1] with step size h = 1.

DI1sCRETIZATION involves breaking continuous domains, such as
time, space, or other functions, into finite steps or grids, and evaluat-
ing these functions at discrete points with finite precision:

REMEMBER, the brackets ”[” and "]”,
are called a closed interval and mean
Continuous function: f(x), x € [a,b], :ﬁzt ;:glfgiuii the values a and b in

Discretized function:  f(x;), x;=a+ih, i=0,1,...,N,

where

h= N 4)

is the step size, with N being the number of steps on the interval.

To ANALYTICALLY FIND the Minimum of sin(x) on [—3, 1] we seek
min,¢ (31 sin(x). The minimum of sin(x) occurs where its derivative
vanishes and the second derivative is positive.

Figure 2: Continuous curve f(x) =
sin(x) (black), its derivative f'(x) =
< cos(x) (gray, dashed), and the analytical
minimum (black dot) on [—3,1]. The
\ dashed gray line marks the critical
1 point where cos(x) = 0 and the
minimum of sin(x).

TRIGONOMETRIC RULES give us this
general solution for cos(x) = 0. If you
forget you can always derive it from the
unit circle.



Within [—3, 1], the critical points are:

x| = ,g ~ —1.5708

Xp = g ~ 1.5708 (> 1, not in interval)

The minimum (or maximum) of a function on a closed interval
[a,b] can occur at a critical point (where the derivative is zero or
undefined) inside the interval, or at the endpoints a or b themselves,
even if the derivative at the endpoints is not zero. This is why, when
searching for extrema on a closed interval, you must check both the
critical points and the endpoints.

Check endpoints and x1:
sin(—3) ~ —0.1411
s
(Y =
sin( 2)
sin(1) ~ 0.8415

Thus, the minimum is —1 at x = —5 ~ —1.5708.

ON To THE NUMERICAL SOLUTION, here we use a brute force grid
search. When doing a grid search, we evaluate the function at dis-
crete points over the interval and select the point with the minimum
value. Discretizes [—3,1] with step size h = 1.

f(x)
T °
L il il il il il il ;\’ |
3 25 -2 —-15 -1 -05 05 1
[ J ° _1 1
X = -3, sin(—3) ~ —0.1411
x1 = =2, sin(—2) ~ —0.9093
xp = —1, sin(—1) = —0.8415
x3 =0, sin(0) =0
X =1, sin(1) ~ 0.8415
Thus, the minimum among these is sin(—2) ~ —0.9093 at x = —2.

ENTER NUMERICAL METHODS 5

BrUTE FORCE means we try out all
possible options and select the best one.
Here with a grid search.

Figure 3: Continuous curve f(x) =
sin(x) and its discretized version (black
dots) on [—3,1] with step size h = 1.

THE MINIMUM among these is

sin(—2) ~ —0.9093 at x = —2. Itis
easy to see that the choice of step size

h affects the accuracy of the approx-
imation. A smaller step size would
yield a closer approximation to the true
minimum. Further the interval selection
matters, in a sense that it .

APPROXIMATION ERROR is the
difference between the analyti-

cal and numerical solutions. Here:
| —1—(—0.9093)| = 0.0907.
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Examples & Excercises

REMEMBER, our example from above?

2 1| |w| 11 5)

5 1| (6| |13 >
THIS WE can also solve via brute force discretization and approxi-
mation. We discretize the variables w and b over a grid of possible

values, solve according to these values and select the solution that
minimizes the error.

LET’s PERFORM A GRID SEARCH for w and b with step size 2.5 over
the range w, b € {0,2.5,5,7.5,10}. For each combination, we compute
the error:

ERROR is defined as the sum of absolute differences between the left
and right sides of the equations:

error; = [2w+b — 11,

(6)
errory = |5w +b —13].
We evaluate all combinations and select the (w, b) pair with the
smallest accumulated error.

THERE 1s VALUE IN doing this by hand, as it helps to understand the
mechanics of numerical methods. Also it gives an intuition on the
computeational cost of brute-force methods, and later on we will find
more efficient approaches. This was only 100 operations, and it does
not fail to bring the message home that this is something you will
want to hand over and automate on a computer. Which on the other
hand does not even struggle with this size of a problem.

ENTER THE MACHINE. A lot of numerical methods are designed to
be implemented on computers. In this lecture course, we will often
switch between hand calculations for small examples and computer
implementations for larger problems.

You GET a jupyter notebook pre-hosted at your fingertips. With it

you get a python template for this excercise. Use the self-reflection
questions below to guide your while exploring and experimenting
with the implementation.

EXCERCISES are for practice and rein-
forcing concepts. Try to solve them on
your own first, try things, play with

it, discuss, this is not a time trial. And
there is no shame in not ending up at
the right answer, in the same sense, that
uncovering great questions and tossing
them around is usually pretty fruitful
on the long run.

LINEAR REGRESSION see how xw + b
forms a linear model, which can also be
thought of as the most basic form of a
single unit neural network 6.

CODE 1S HOSTED AS NOTEBOOKS
and is to be followed up here https:
//enlitenment.schutera.com/landing.


https://enlitenment.schutera.com/landing
https://enlitenment.schutera.com/landing
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w b 2w + b (errory) 5w + b (errory) Error
0 0 o (11) o (13) 24
0 2.5 25 (8.5) 2.5 (10.5) 19
0 5 5 (6) 5 (8) 14
0 7-5 75 (3:5) 75 (5:5) 9
0 10 10 (1) 10 (3) 4*
2.5 0 5 (6) 12.5 (0.5) 6.5
2.5 2.5 75 (3.5) 15 (2) 5.5
2.5 5 10 (1) 17.5 (4.5) 5.5
2.5 7.5 125 (1.5) 20 (7) 8.5
2.5 10 15 (4) 225 (9.5 13.5
5 o} 10 (1) 25 (12) 13
5 2.5 12.5 (1.5) 27.5 (14.5) 16
5 5 15 (4) 30 (17) 21
5 7-5 17.5 (6.5) 325 (19.5) 26
5 10 20 (9) 35 (22) 31
7.5 o 15 (4) 37.5 (24.5) 285
7-5 2.5 17.5 (6.5) 40 (27) 335
7-5 5 20 (9) 42.5 (29.5) 385
7-5 7-5 225 (11.5) 45 (32) 43.5
7-5 10 25 (14) 47.5 (34.5) 48.5
10 0 20 (9) 50 (37) 46
10 2.5 22.5 (11.5) 52.5 (39.5) 51
10 5 25 (14) 55 (42) 56
10 7:5 27.5 (16.5) 57.5 (44.5) 61
10 10 30 (19) 60 (47) 66

Self-Reflection and Recap

SELF-REFLECTION Questions which can guide your thoughts during

the excercises and afterwards:

* Why is the choice of step size i1 important when discretizing a

continuous function, and how does it affect the accuracy and the
compute time of the numerical solution?

e How does the selection of the interval [g, b] influence the results of

discretization and the location of extrema found numerically?

¢ What are the main differences between a continuous function and
its discretized version, and what are the implications for solving

mathematical problems numerically?

Table 1: Grid search for w, b in
{0,25,5,7.5,10}: values of 2w + b

and 5w + b with errors to 11 and 13 in
parentheses. The last column shows
the accumulated error (sum of absolute
errors). The minimum error occurs
atw = 0, b = 10 with an error of 4
(marked with *).



Recar of Key Concepts:

¢ Numerical Methods are essential for solving complex mathemati-
cal problems that lack analytical solutions.

* Discretization transforms continuous problems into discrete ap-
proximations suitable for computational methods.

* We can do numerical computations by hand for small problems to
understand the mechanics, but computers are essential for larger
problems.

ERRORS EVERYWHERE. Mathematical models are simplifications of
reality, and numerical methods introduce additional errors through
approximation.

TeASER. Can you think of a simple way

x) &~ f(x: X = a-+ih to improve the accuracy to compute
f( ) f( l), ! + @) ratio of our grid search example from

Numerical computation introduces a few types of errors, which we above?
will need to understand in order to be able to fully harness this new

methodology.
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